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Polynomials and P vs NP
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Polynomials
A polynomial, p(x) is simply a sum as following:

p(x) = anxn + an−1xn−1 + · · ·+ a1x + a0

These may look like simple objects, but there is a lot to study behind them. Why
computer scientists like them are the following:

• They can be evaluated using only multiplication and addition.

• They can approximate many functions.

• Most (if not all) improvements to computers only gives a polynomial improvement.

Exempel 0.1. You have probably worked with second-degree polynomials before. That is
polynomials on the form p(x) = ax2 +bx+c. We can fond roots to these via the standard
formula

x = −b±
√

b2 − 4ac

2a
.

There exists a formula for both degree 3 and degree 4. But we can show that there does
not exist one for degree 5 or higher. (I recommend searching after Abels theorem.)

Exempel 0.2. Last time we mentioned that any program in Java, Python, PASCAL,
and so on, can be made into a T ++ program. There we said it was annoying, but in fact
it can be done it polynomial time. That is, there exists an algorithm that converts the
program to T ++ with complexity O(xn) for some n.

Now we are ready to define the class P.

Definition 0.1. A class of problems lies in the class P if there exists an algorithm that
solves the problem whose complexity is upper bounded by a polynomial.

So how does this work, let us take an example.

Exempel 0.3. Take the problem of sorting lists. As we have seen last week there exists
algorithms (mergesort for example) that solves this problem in O (n log(n)). As n ≥
log(n) for all large enough n we get n2 ≥ n log(n). Thus the complexity is upper bounded
by a polynomial and by definition the problem of sorting lists lies in P.

Notice here that we talk about a class of problems, not a single one. To clarify, the
problem of sorting the list 3, 2, 4, 1 does not lie in P. This since we bounded the input
size (the length of the list). Then it does not really make sense to ask what the complexity
of this problem is. That is why we always need a variable that can grow (to the infinite).
When we talk about sorting lists as a problem we mean sorting any list of any size.
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Notice that by this reasoning, solving chess is easier that sorting lists. The input size in
chess is fixed, so there is an upper bound on how many steps we need to take. The fact
that it will take longer than we will live does not really matter. With that being said,
we can of course study chess from the perspective of complexity.

Polynomial reductions
one of the most important tools we have in this area is called polynomial reductions.
The general thought is that we transform one kind of problem to another in polynomial
time. Therefore in terms of P vs NP we can consider them as the same.

The thought goes as follows: We want to show that problem A is harder than problem B.
So we show that any problem in B can be transformed to a problem in A (in polynomial
time) and then we can read of the solution to the problem in A and thus get a solution to
a problem in B. This implies that if I can solve problems in A, I can solve the problems
in B just as easily.

Exempel 0.4. A good example is the article LaserTank is NP-complete (click on the
text).

The class NP

As you probably have guessed by now, P stands for polynomial. But what does NP
stand for? It stands for non-deterministic polynomial. Defining the class this way is
essential the same as for P. Namely:

Definition 0.2. A class of problems lies in the classNP if there exists an non-deterministic
algorithm that solves the problem whose complexity is upper bounded by a polynomial.

Working with this definition is not particularly nice, but we have a very good tool at
hand now, polynomial reductions.

Thus we can define NP in a slightly different way, namely saying it should be easier
than some other problem. In this case we will use the same as in 0.4, namely 3− SAT .

The 3− SAT is very commonly known, therefore the wikipedia article is quite good, so
for an introduction to this problem, I refer you to:
https://en.wikipedia.org/wiki/Boolean_satisfiability_problem

However this allows us to define NP a little bit differently.
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Definition 0.3. A class of problems lies in the class NP if it is no harder than 3−SAT .

A few things that one should know in this area:

• P lies inside of NP, that is if we can solve a problem in polynomial time, we can
solve it in non-deterministic polynomial time.

• Given a problem, if we can check whether a proposed solution is true or not in
polynomial time, it lies in NP.

Problems
Practical

• Assume we want to sort a list with n elements, but the time to compare two
elements is non-contant, and instead can be expressed as a function of n. What is
the time complexity for the most common algorithms?

• Sorting algorithms, how do they work and why are they important.

•

Games

Games I think are good to consider:

• Nonograms

• Slitherlink

If you want to analyze your own game, a few good thing to consider: We want the game
to be discrete without a time-factor (preferably). Preferably a puzzle game in which you
try to find a solution.

Theoretical

Some people have asked about how the ”Frågeställing” is supposed to look like here. Usu-
ally we only do some sort of paper-studies here. So a few questions (or rather proposed
titles) could be:

• What can be calculated with a computer? Recursive sets and their applications in
math.
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• On P vs NP, a summary of the problem.

• The halting problem, the theoretical problem and how you can get around it.
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